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CN ' Abstract. For complete metric spaces X and Y, a description of 

linear biseparating maps between spaces of vector- valued Lipschitz 
functions defined on X and Y is provided. In particular it is proved 
that X and Y are bi-Lipschitz homeomorphic, and the automatic 
continuity of such maps is derived in some cases. Besides, these 
results are used to characterize the separating bijections between 
scalar- valued Lipschitz function spaces when Y is compact. 
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1. Introduction 

Separating maps, also called disjointness preserving maps, between 
spaces of scalar- valued continuous functions defined on compact or lo- 
cally compact spaces have drawn the attention of researchers in last 
cn . years (see for instance [TU], [TJ], [T7] and [IS])- Roughly speaking, a 
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(bijective) linear operator T between two spaces of functions is said to 
be separating if (T/) ■ (Tg) = whenever f ■ g = (see Definition l2.ip . 
^ ■ No results are known so far for the case when the map is defined 

(X) , between spaces of Lipschitz functions, even if successful attempts have 

been made for some special subalgebras. Namely, Jimenez- Vargas re- 
cently obtained the representation of separating maps defined between 
^ ■ little Lipschitz algebras on compact metric spaces (see [ISj)- Unfortu- 

nately proofs rely heavily on the properties of these algebras and on 
the compactness of spaces, so that they cannot carry over to the gen- 
eral case. Also, in the recent paper [12], Garrido and Jaramillo study 
a related problem: find those metric spaces X for which the algebra of 
bounded Lipschitz functions on X determines the Lipschitz structure of 
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X. But even if separating maps are related with algebra isomorphisms, 
their techniques cannot be used here either. 

The aim of this paper is to study such maps and obtain their general 
representation. In fact, we do not restrict ourselves to the scalar setting 
and we deal with the vector-valued case as well. As usual, when spaces 
of functions taking values in arbitrary normed spaces are involved, the 
condition for an operator of being separating is not enough to ensure a 
good representation, and we must require the inverse map to be sepa- 
rating too (see for instance [T], [2], [3], [1], [7], [13], [S], [ISj; see also [SI 
Theorem 5.4] and [5] for special cases where this may not be true). We 
also drop any requirement of compactness on the metric spaces where 
functions are defined, and completeness is assumed instead. 

Other papers where related operators have been recently studied in 
similar contexts are Ej, Hi] and 120] (see also El] and [221). 



The paper is organized as follows. In Section [2] we give some defi- 
nitions and notation that we use throughout the paper. In Section [3] 
we state the main results. In Section H] we give some properties of 
spaces of Lipschitz functions that we use later. Section [5] is devoted to 
prove the main results concerning biseparating maps between spaces of 
vector-valued Lipschitz functions. In particular, apart from obtaining 
their general form, we show that the underlying spaces are bi-Lipschitz 
homeomorphic and, when E and F are complete, we obtain the auto- 
matic continuity of some related maps. Finally, in Section [HI we prove 
that every bijective separating map between spaces of scalar-valued 
Lipschitz functions defined on compact metric spaces is indeed bisepa- 
rating. 

2. Preliminaries and notation 

Let (X, di) and (Y, 0^2) be metric spaces. Recall that a map f : X ^ 
Y is said to be Lipschitz if there exists a constant k > such that 

d2ifix)J{y)) < k di{x,y) 

for each x,y ^ X. The least such k is called the Lipschitz number of / 
and will be denoted by L{f). Equivalently, L{f) can be defined as 

L{f) := sup <^ — ^ -.x^yeX^Xy^y 

[ di{x,y) 

When / is bijective and both / and /"^ are Lipschitz, we will say 
that / is bi-Lipschitz. 

If E' is a K-normed space, where K stands for the field of real or 
complex numbers, then Lip(X, E) will denote the space of all bounded 
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E-vaAned Lipschitz functions defined on X. li E = K, then we put 
Lip(X) ■.= Up{X,E). 

It is well known that Lip(X, E) is a normed space endowed with the 
norm 

||/|U = max{||/|U,L(/)} 

for each / e Lip(X, i^^) (where \\-\\^ denotes the usual supremum 
norm), which is complete when ii^ is a Banach space. 

From now on, unless otherwise stated, we will suppose that X and 
Y are bounded complete metric spaces (see Remark 13.61) . In general, 
we will use d to denote the metric in both spaces. 

For Xq E X and r > 0, B{xQ,r) will denote the open ball {x E X : 
d{x,Xo) < r}. Finally, if A is a subset of a topological space Z, c\zA 
stands for the closure of A in Z. 

We will suppose that E and F are K-normed spaces. Given a func- 
tion / defined on X and taking values on E, we define the cozero set 
of / as coz(/) := {x E X : f{x) ^ 0}. Also, for each e G £", e : X — >■ £" 
will be the constant function taking the value e. On the other hand, 
if (/„) is a sequence of functions, then J2'^=i fn denotes its (pointwise) 
sum. 

Finally, we will denote by L'{E, F) the set of linear and bijective 
maps from E to F, and by L{E, F) the subset of all continuous oper- 
ators of L'{E, F) . 

We now give the definition of separating and biseparating maps in 
the context of Lipschitz function spaces. 

Definition 2.1. A linear map T : Lip(X, E) — > Lip(y, F) is said to be 
separating if coz(T/) fl coz{Tg) = whenever f,gE Lip{X,E) satisfy 
coz(/) n coz{g) = 0. Moreover, T is said to be biseparating if it is 
bijective and both T and T~^ are separating. 

Equivalently, a map T : Lip(X, E) -^ Lip(y, F) is separating if it 
is linear and ||T/(y)||||T5f(|/)|| = for all y E Y, whenever f,g E 
Up{X,E) satisfy ||/(x)||||^(x)|| = for all xeX. 

3. Main results 

Our first result gives a general description of biseparating maps. 

Theorem 3.1. Let T : Lip{X,E) —>■ Lip{Y,F) be a biseparating map. 
Then there exist a bi-Lipschitz homeomorphism h : Y ^ X and a map 
J -.Y ^ L'{E, F) such that 

Tfiy) = iJy){fih{y))) 

for all f E Lip(X, E) and y eY. 
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Due to the representation given above, we see that when T is con- 
tinuous, then Jy belongs to L{E, F) for every y &Y . In particular we 
also have that, for y,y' eY and e E E, the map \\Te{y) — Te{y')\\ < 
\\T\\ \\e\\d{y,y'). Consequently, the map y E Y ^^ Jy E L{E,F) is 
continuous when L{E, F) is endowed with the usual norm. 

Of course Theorem 13.11 does not give an answer to whether or not 
a biseparating map is necessarily continuous. In fact, automatic con- 
tinuity cannot be derived in general. Nevertheless, in some cases an 
associated continuous operator can be defined. This is done in Theo- 
rem [231 We first give a result concerning continuity of maps Jy. 

Given a biseparating map T : Lip(X, E) -^ Lip(F, F), we denote 

Yd := {y E Y : Jy is discontinuous}. 

Proposition 3.2. Let T : Lip(X, E) — * Lip(Y, F) be a biseparating 
map. Then the set {\\Jy\\ '■ y E Y \Yd} is bounded. Moreover, Yd is 
finite and each point of Yd is isolated in Y. 

An immediate consequence is the following. 

Corollary 3.3. Let T : Lip{X,E) -^ Lip{Y,F) be a biseparating map. 
If X is infinite, then E and F are isomorphic. 

Another immediate consequence of Proposition 13.21 and Theorem 13.11 
is that y \ y^ is complete, and that the restriction of h to this set is 
a homeomorphism onto X \ h{Yd). This allows us to introduce in a 
natural way a new biseparating map defined in a related domain. 

Theorem 3.4. Suppose that E and F are complete. LetT : Lip{X,E) — 
Lip(y, F) be a biseparating map, and let J and h be as in Theorem \3.1[ 
Then Td : Lip(X \ h{Yd), E) -^ Lip(F \ Yd, F), defined as 

Tdfiy) := {Jy){f{hiy))) 

for all f E Lip(X \ h{Yd),E) and y E Y \Yd, is biseparating and 
continuous. 

In the case when Y is compact and we deal with spaces of scalar- 
valued functions, the assumption on T of being just separating and 
bijective is enough to obtain both its automatic continuity and the 
fact that it is biseparating. 

Theorem 3.5. Let T : Lip(X) —>■ Lip(y) be a bijective and separating 
map. If Y is compact, then T is biseparating and continuous. 

Remark 3.6. Recall that we are assuming that the metrics in X and 
Y are bounded. Nevertheless results can be translated to the case 
of unbounded metric spaces. Let di be an unbounded metric in X 
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such that {X,di) is complete. Then d'l := min{2,(ii} is a bounded 
complete metric in X and the topology induced by both metrics is the 
same. Following the same ideas as in [23l Proposition 1.7.1], we can 
also see that the identity map of the space Lip(X, E) (with respect 
to di) onto itself (with respect to d[) is an isometric isomorphism. It 
is easy to see now that if d2 is a (bounded or unbounded) complete 
metric in Y, then a map / : (Y, ^2) -^ {X, d[) is Lipschitz if and only 
if / : (F, (^2) — ^ {X,di) is what is called Lipschitz in the small, that 
is, there exist r,k > such that di{f{y), f{y')) < k d2{y,y') whenever 
d2{y,y') < r. 

4. Lipschitz function spaces 

Notice that since every complete metric space X is completely regu- 
lar, it admits a Stone-Cech compactification, which will be denoted by 
(3X. Recall that this implies that every continuous map / : X ^ K 
can be extended to a continuous map f^'^ from j3X into K U {00}. 
In particular, given a continuous map / : X — *• £", we will denote by 
11/11^^ the extension of ||.|| o / : X ^ KU {cx)} to (3X. 

Now, we suppose that A{X) is a subring of the space of continuous 
functions C{X) which separates each point of X from each point of 
[3X. We introduce in 13 X the equivalence relation 

x^y^f''{x) = f''{y) 

for all / G A{X). In this way, we obtain the quotient space 7X : = 
j3X/ ~, which is a new compactification of X. Besides, each / G A{X) 
is continuously extendable to a map f^-^ from 7X into K U {00}. In 
this context, A{X) is said to be strongly regular ii gYven Xq G 7X and a 
nonempty closed subset K of 7X that does not contain Xq, there exists 
/ G ^(X) such that f"*-^ = 1 on a neighborhood of Xq and f^-^{K) = 0. 

Finally, assume that A{X, E) C C(X, E) is an A(X)-module. We 
will say that A(X, E) is compatible with A{X) if, for every x G X, there 
exists / G A{X,E) with /(x) ^ 0, and if, given any points x, y G f3X 
such that X r^ y,we have ||/||'^^(a;) = ||/||^'^(y) for every / G A{X, E). 
In this case, it is easy to see that ||.|| o / : X — > K U {00} can be 
continuously extended to ||/||'''^ from 7X into IK U {c)o}. 

It is straightforward to check that, if / G Lip(X) and g G Lip(X, E), 
then f ■ g E Lip(X, E), that is. 

Lemma 4.1. Lip(X, E') is a Lip{X) -module. 

Remark 4.2. We introduce two families of Lipschitz functions that will 
be used later. Given Xq G X and r > 0, the function 4'xo,r : X — > K 
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defined as 



VxoA^) '■= "^ax <; 0, 1 



r 

for all X G X, belongs to Lip(X) and satisfies 4'xo,r{xo) = 1, coz{ipxo,r) = 
B{xo,r), ll'i/'xo.rlloo = 1, and L{%IJxo,r) = ^/r. On the other hand, an- 
other Lipschitz function we will use is 

d{x,B{xo,r)) 



(PxoA^) '■= "^ax <j 0, 1 

for all X G X, which satisfies (/92;o^r(-B(a;o;''^)) = ^, coz{ipxQA = B{xo,2r), 
\\^xo,r\\oo = 1, and L{(pxo,r) = Vr. 

Clearly, given / G Lip(X, E), ||.|| o / G Lip(X). Then, by the defini- 
tion of the equivalence relation ~ in (3X given above and the function 
■^xo.r £ Lip(X) for each xq G X (see Remark 14. 2p . we obtain the next 
lemma. 

Lemma 4.3. Lip(X, i?) is compatible with Lip(X). 

Lemma 4.4. Lip(X) is strongly regular. 

Proof. Let K and L be two disjoint closed subsets of 7X. Since 7X is 
compact, there exists /o G C{pfX), < /o < 1, satisfying fo{K) = 
and fo{L) = 1. Obviously Kq := {x G 7X : fo{x) < 1/3} and Lq : = 
{x G ■jX : /o(x) > 2/3} are disjoint compact neighborhoods of K and 
L, respectively. Consider now Ki := Kq n X and Li := Lq fl X. We 
claim that d{Ki,Li) > 0. 

Suppose this is not true, so for each n G N there exist x„ G Ki and 
Zn G Li such that d{xn, z^) < 1/n. Since Kq is compact, {x„ : n G N} 
has a limit point Xq in Kq. Consequently, there exists a net {xa)a<^Q. 
in {x„ : n G N} which converges to Xq. Clearly, for each a G f2, 
Xa = Xua for some ria G N. Next, we consider the net {za)a£n in 
{zn : n ^fi} defined, for each a G f2, by Za '■= Zn^ whenever Xa = x„^. 
By the compactness of Lq, we know that there exists a subnet {z\)\^a 
of {za)aen converging to a point Zq in Lq. 

We are going to prove that Xq = zq, which is absurd because Kq fl 
Lq = 0. Obviously if Xq or zq belongs to X, then we would have 
Xq = Zq, SO wc assuuie that this is not the case. Let U and V be 
open neighborhoods of Xq and zq, respectively, and let Hq G N. We are 
going to see that there exists n > no, n G N, such that Xn & U and 
Zn & V . Without loss of generahty we assume that xi, . . . ,x„q ^ U 
and zi,...,ZnQ ^ V. Since (xa)aga and (^a)aga converge to xq and 
Zq, respectively, there exist X^^ G A and A^" G A such that xx E U 
for all A > Af and zx e V for all A > Af . Taking A G A such that 
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A > A'^",Af', it is clear that x\ E U and z\ G V. Now, there exists 
nA G N such that x\ = x„^ and Zx = Zn^, as we wanted to show. 

Thus, if we take any g G Lip(X) with associated constant k, and n 
as above, we have that 

\g^^ (Xn) - g^^ (Zn) \ < k d {Xn, ^n) • 

Clearly this implies that g'^^ (xq) = g''^ (zo)- By the definition of 
■yX, we have Xq = Zq, and we are done. 

Therefore we conclude that d{Ki,Li) > 0. This lets us consider the 
function 

d{x, Li) 



f{x) := max s 0, 1 



d{K,,L,] 



for all X G X, defined in a similar way as in Remark 14.21 which belongs 
to Lip(X) and satisfies < / < 1, f{Ki) = 0, and /(Li) = 1. This 
proves the lemma. D 

The next lemma is a Lipschitz version (with a similar proof) of the 
result given in ^ Lemma 3.4] in the context of uniformly continuous 
functions. 

Lemma 4.5. Let X be a complete metric space and let x G 7X. Then, 
X is a Gs-set in 7X if and only if x E X . 

We close this section with a result concerning sums of Lipschitz func- 
tions that will be used in next sections. 

Lemma 4.6. Let (fn) be a sequence of functions in Lip{X,E) with 
pairwise disjoint cozero sets and suppose that there exists a constant 
M > such that L{fn) < M for all neN. If f := J2n=i fn belongs to 
C{X,E), then f is a Lipschitz function. 

Proof. Let x,y G X. Suppose first that /(x) = fnoi^) ^^^ fiu) = 
f^,{y) for some rio G N. Then ||/(x) - f{y)\\ = ||^„(a;) - f^,{y)\\ < 
M d{x,y). Next assume that /(x) = /„(x) 7^ and f{y) = fmiy) 7^ 
with n^m. Then ||/(x) - f{y)\\ = ||/„(x) - fm{y)\\ < \\fn{x)\\ + 
\\Uy)\\ = WUx) - f^m + \\f^{y) - fm{x)\\ < 2M d{x,y). Conse- 
quently L{f) < 2M and / is a Lipschitz function. D 

5. BISEPARATING MAPS. PROOFS 

In this section we give the proofs of Theorems 13.11 and 13.41 and that 
of Proposition 13.21 and some corollaries as well. We start with the 
notions of support point and support map. 
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Definition 5.1. Let T : Lip{X,E) -^ Lip(y,F) be a biseparating 
map. A point x G 7X is said to be a support point oi y ^ Y if, for 
every neighborhood f/ of x in 7X, there exists / G Lip(X, E) with 
coz(/) C U such that Tf{y) ^ 0. 

Remark 5.2. For each y E Y, the support point oi y E Y exists 
and is unique (see [H Lemma 4.3]). This fact lets us define a map 
hr '■ Y ^ 'jX sending each y E Y to its support point hriy) G ■jX. 
This map is usually called the support map of T. If there is no chance 
of confusion, we will denote it just by h (instead of hr)- 

Proposition 5.3. Let T : Lip(X, E) — > Lip(y, F) be a biseparating 
map. Then h{Y) C X and h : Y ^ X is a homeomorphism. 

Proof. In view of [U Lemma 4.7], we can define the extension h : '-/Y —* 
7X of h. Besides, taking into account Lemmas 14.11 14.31 and 14. 4[ we 
deduce that /i is a homeomorphism by applying [U Theorem 3.1]. On 
the other hand, we have characterizated the points in X as being the 
only G^-points in jX (see Lemma l4.5p . Then, for each y E Y, h{y) 
clearly belongs to X and h : Y —^ X is a. a. homeomorphism. D 

Lemma 5.4. IfT : Lip{X,E) -^ Lip{Y,F) is a biseparating map and 
f E Lip{X,E) satisfies f = on a neighborhood of h{y), then Tf = 
on a neighborhood ofy. 

Proof. See [H Lemma 4.4]. D 

Lemma 5.5. Let T : Lip{X,E) —^ Lip(Y,F) be a biseparating map. 
Let f E Lip(X, .E) and yo E Y be such that /(/i(|/o)) = 0. Then 
Tf{yo)=0. 

Proof. Let (r„) be a sequence in M"*^ which converges to and satis- 
fies 2r„+i < r„ for every n E N. We set Bn := B{h{yo),rn), B"^ : = 
B{h{yo),2rn), and </)„, := ^h{yo),r„ for each n E N, where ^hiyo),r„ is 
given as in Remark 14. 2 [ 

Claim 1. Let n,ni eN, n ^ m. Then 

{BJn\B2n+l) n {BJ^\B2m+l) = = (^L-A^Zn) H {B2^^^\B2rn) ■ 

The proof of Claim [1] follows directly from the fact that, for all k eN, 
2rfc_|_i < Tfc, and consequently -B^+i C B^. 

Claim 2. L(/(/?„) < 3 L{f) for all n G N. 

It is clear that f(fn £ Lip(X, E) for all n G N. Now, by definition of 
^n, cozif^^) C Bl and if x G Bl then ||/(x)|| = ||/(x) - /(/i(|/o))|| < 
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L{f) d{x, h{yo)) < 2r„ L{f). Consequently, if x, y G B"^, 

\\{f^n){x) - ifVuMW < \\f{x)\\ \^n{x) - ^n{y)\ + \^n{y)\ \\f{x) - f{y)\ 

< 2r„, L{f) (l/r„,) d{x, y) + L(/) d{x, y) 

= 3 L{f) d{x,y). 
Besides, ii x E B'^ and y ^ B'^, 

\\{fVn){x) - {f'fnMW < 2r„ L{f) (1/rO d{x,y) = 2 L{f) d{x,y). 
Thus Claim [2] is proved. 

Next we consider the function g := f(pi, and define gi := Yl'^=i f (v^2n— 
(P2n+i) and g2 := Xl^i / (</52n.~i - <P2n)- It is obvious that g = gi+ g2, 
and since f{h{yo)) = 0, we see that gi{h{yo)) = and 5'2(/i(2/o)) = 0. 
This implies that both gi and (72 are continuous. Taking into account 
Claim[21 L(/((^„-vp„+i)) < L(/(^J + L(/(^„+i) < 6 L(/) for all n G N. 
Besides, since coz((/?2n ~ 9'2n+i) C i?|^\i?2n+i5 we deduce from Claim [T] 
that 

COz(v92n - V^2n+l) H COz(v92m - V^2m+l) = 

whenever n ^ m. Applying Lemma 14. 6[ we conclude that gi (and 
similarly (72) belongs to Lip(X, i?). Besides, g = f on Bi, and by 
Lemma [5^ Tgiijo) = Tfiijo). Therefore, to see that Tfixjo) = 0, it is 
enough to prove that Tgiiijo) = and Tg2{yo) = 0. 

Claim 3. Given no G N, 

rtQ-l 

dx (coz (gi)) C clx {BlJ U |J clx {B^ \ B2n+i) • 

n=l 

To see this, notice that 



coz 



y^ V^2n - V^2n+1 ) C [J COz(v?2n - V^2n+l) 

C B', 



\n=no / n=no 

•'2no' 



and that coz {(p2n - ^2n+i) C B|„ \ B2n+i for n < Uq. 

If we consider, for each n G N, a point y„ G /i~^(i?2n-i)\cly/i~^(-B|„), 
then the sequence (yn) converges to yo because n'^^^Bn = {h{yo)} and 
h is a homeomorphism. 

Claim 4. /i(y„,) ^ clx (coz(5fi)) for all n eN. 

Let us prove the claim. Fix Uq G N. It is clear by construction that 
hiVno) i clx(52^J and that, if n < rio, then /i(i/„o) G 52„o_i C 52„+i, 
that is, h{yno) ^ clx (-Bin \ -^2n+i)- Therefore Claim |4] follows from 
Claim H 
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Finally, since h{yn) ^ clx(coz(5fi)) for all n E N, then (y^i = on 
a neighborhood of h{yn). Applying Lemma 15.4^ Tgi{yn) = for all 
n G N , and by continuity, we conclude that Tgi{yQ) = 0. In the same 
way it can be proved that Tg2{yo) = 0. D 

Proposition 5.6. Let T : Lip(X, E) — > Lip(y, F) be a biseparating 
map. For each y eY , there exists a linear and bijective map Jy : E ^ 
F such that 

Tf{y) = {Jy)U{Ky))) 

for all f G Lip(X, E) and y eY. 

Proof. For y EY and / G Lip{X,E) fixed, consider the function g := 

/ — f{h{y)) G Lip(X, _E). Clearly g{h{y)) = 0, and by Lemma ESI 

Tg{y) = 0. Consequently Tf{y) = TfV^)){y) for all / G Up{X,E) 
and y E Y. Next, we define Jy : E ^ F as {Jy){e) := Te{y) for all 
e E E, which is linear and bijective (see [3], Theorem 3.5]). We easily 
see that T has the desired representation. D 

Remark 5.7. Notice that, if T : Lip{X,E) -^ Lip(Y,F) is a bisepa- 
rating map, T~^ : Lip(y, F) — * Lip(X, E) is also biseparating, so there 
exist a homeomorphism h^-i : X ^ Y and a map Kx : F ^ E for all 
X E X such that 

T-'g{x) = {Kx){g{hT-Ax))) 

for all g E Lip(y, F) and x E X. Besides, it is not difficult to check 
that /ly-i = hTj} (see Claim 1 in the proof of the Theorem 3.1 in |3]). 

Lemma 5.8. Let T : Lip(X, E') -^ Lip(y, F) be a biseparating map. 
Then inf{||(Ji/)(e)|| : y E Y} > for each non-zero e E E. 

Proof. Suppose this is not true. Then there exist (t/„) in Y and e E E 
with ||e|| = 1 such that || (Jy„) (e)|| < 1/n^ for each n G N. 

If we assume first that there exists a limit point yo eY oi {?/„, : n E 
N}, then we can consider a subsequence {ynj of (l/n) converging to yo, 
so that II {Jyo) (e)|| = 0, which is absurd since Jyo is inyective. 

Therefore, there exists r > such that d{yn,ym) > f whenever 
n ^ m. Also, on the one hand, \r~^{Te)\ {hijjn)) = e(/i(y„)) = e for 
all n G N, and on the other hand, by Remark 15.71 [T~^{Te)] {h{yn)) = 
{Kh{yn)){Te{yn)). Consequently || (ir/i(y„)) (Te(y„))|| = ||e|| = 1 for 
each ra G N. If we take f„, G F defined as f„ := re(y„)/||Te(y„)|| for 
each n G N, it is clear that ||f„|| = 1 and 



{Kh{y^)) (fJII = (l/||Fe(y.)||)|| {Kh{y^)) (T^(y„))|| > n 



3 
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Next, we define, in a similar way as in Remark 14.2 

3 d{y, Vn 



^y^,r/3{y) ■■= max <^ 0, 1 

for all y & Y and n G N (denoted for short ipn) which belongs to 
Lip(y), and finally, we consider the function 

n=l 

It is immediate to see that HV^nfn/'^^lloo < 1/n^ and Li^prSn/n^) = 
(||f„||/?7,^)L(?/^„) = ?)/ {rn^) for all n & fi, which lets us conclude by 
Lemma [4.61 that g belongs to Lip(y, F). 

It is apparent that g{yn) = ^n/n^i and applying Lemma [5.51 for the 
biseparating map T~^, we deduce that T~^g{h{yn)) = (l/n^)T~^f„(/i(y„)). 
Consequently, \\T-'g{h{y^))\\ = [l/n^) \\{Kh{yn)) {Q\\ > n for all 
n G N, which contradicts the fact that T~^g is bounded. D 

Proof of Proposition \3.2 . Suppose on the contrary that there exist se- 
quences (?/„) in Y and (e„) in E with ||e„|| = 1 and ||Te^(?/„)|| > n^ 



for every n G N. Take f G -F with 
exists M > such that 



f II = 1. By Lemma 15.81 there 
> M for every n. Consider a 



T-'i{h{yr.)) 

sequence (r„) in (0,1) such that B{yn.,rn) fl B{ym,rm) = whenever 
n ^ m (this can be done by taking a subsequence of (|/„) if necessary). 
Without loss of generality we may also assume that (r„,) is decreasing 
and converging to 0. 

We define, for each ra G N, 

iniy) ■■= max{0, r„ - d{y, y„)} 

for all y E Y, which belongs to Lip(y) and satisfies ^niyn) = ^n, 
coz(^„) = B{yn,rn), IKnIloo = ?"n, and L{^n) = 1- Finally, we consider 
the function 

oo 
n=l 

The fact that g belongs to Lip(Y,F) follows from Lemma |4.6[ Now 
let / := T~^g. It is clear that / := Xl^i ^"MCnf)- Consequently, 
if for each ra G N, we define fn{x) := ||T~^ (■Cnf) {x)\\ (x G X), then 
/o := 11/11 = Y.n=ifn belongs to Lip(X) and fo{h{yn)) > Mvn for 
every n G N. Therefore /q := ^^^ fn^n belongs to Lip(X, E). Finally 
ll^/o(?/n)ll ^ Mvn'n?, and it is easily seen that L(Tfnen) > Mn^, for 
every n G N. We conclude that T/q does not belong to Lip(F, F), 
which is absurd. 
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Now, the fact that each y G 1^ is isolated follows easily. D 

Remark 5.9. We will use later the fact that, since Yd is a finite set of 
isolated points and his a. homeomorphism, then d{X\h{Yd) , h{Yd)) > 0. 

The restriction to X \ h{Yd) (respectively, Y \ Yd) of a function 
/ G Lip{X,E) (respectively, / G Lip(y, F)), is obviously a bounded 
Lipschitz function, which will be denoted by fd- The converse is also 
true, that is, we can obtain a Lipschitz function as an extension of an 
element of Lip(X \ h{Yd), E), as it is done in the next lemma. 

Lemma 5.10. Let f G Lip(X \ h{Yd), E). Then the function 

^ ^ ' ■ \ if X G hiYd) 
belongs to Lip{X,E). 

Proof. Since h{Yd) is a finite set of isolated points, f^ is clearly a con- 
tinuous function. Besides, if we consider Xi G X\h{Yd) and X2 G h{Yd), 

Wfix,) - f^jx.n ^^ \\f{xr)\\ ^ ll/IU 

d{xuX2) - d{X\h{Yd),h{Yd)) - d{X\h{Yd),h{Yd)y 

Therefore 



L(/'^)<max|L(/), 



< oo, 



d{X\h{Yd),h{Yd)) 
which implies that f^ G Lip(X, E). D 

Proof of Theorem \3.4\ By definition of Td and Lemma 15.101 (see also 
the comment before it), we clearly see that 

for all / G Lip{X\h(Yd), E), so Td is well defined and it is biseparating. 
To prove that Td is continuous, we will see that given a sequence (/„,) 
in Lip(X \ h{Yd), E) converging to and such that {Tdfn) converges to 
g G Lip(F \ Yd, E), we have g = 0. 

If we consider, for each n G N, the extension /^ of /„ given in 
Lemma [5.1Ut we can show that 

< \\f„\\^max{lA/d(X\h(Yi),h{Yi))}, 

which allows us to deduce that (/^) converges to 0. By continuity, if we 
fix 1/ G F\ Yd, the sequence {{Jy) (/n(^(z/)))) converges to 0. Besides, 
since Tf^{y) = Tdfn{y), we conclude that {Tdfn{y)) converges to 0. 
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On the other hand, \\Tdfn{y) — g{y)\\ < \\Tdfn ~ 9\\l ^^^ 6^"^^ n G N, 
and as {T^fn) converges to g, we deduce that (Tafniy)) converges to 
g{y). Combined with the above, g{y) = for all y G Y\Ya. D 

The proof of the two following results is now immediate. 

Corollary 5.11. Suppose that E and F are complete and let T : 
Lip(X, E) — s> Lip(y, F) be a hiseparating map. If Y has no isolated 
points, then T is continuous. 

Corollary 5.12. Let T : Lip(X, i?) — ^ Lip(y, F) be a hiseparating 
map. If E has finite dimension, then F has the same dimension as E 
and T is continuous. 

Proposition 5.13. Let T : Lip{X,E) -^ Lip(y, F) be a hiseparating 
map. Then h : Y ^ X is a bi-Lipschitz map. 

Proof. Associated to T, we define a linear map S : Lip(X) -^ Lip(y). 
For / G Lip(X), define 

Sfiy) ■■= f{h{y)) 

for every y eY. It is obvious that Sf is a continuous bounded function 
on Y. Next we are going to see that it is also Lipschitz. It is clear that 
it is enough to prove it in the case when / > 0. 

Fix any e 7^ in £". By Lemma [521 we know that there exists M > 
such that ||Te(i/)|| > M for every y E Y, so the map y \-^ 1/ \\Te{y)\\ 
belongs to Lip(F). On the other hand, taking into account that / > 0, 
we have that for y,y' eY 

\Sf{y) \\Te{y)\\ - Sf{y') \\Te{y')\\\ = \\\{Jy) {f{h{y))e)\\ - \\{Jy') {f{h{y'))e) 

< \\iJy)ifih{y))e)-iJy')ifihiy'))e)\\ 
= \\T{fe){y)-T{feW)\\ 

< L{T{fe)) d{y,y'). 

We deduce that Sf is Lipschitz. A similar process can be done with 
the map T~^, and we conclude that S : Lip(X) — > Lip(F) is bijective 
and biseparating. 

Next we prove that h is Lipschitz. Let Kq := max {1, diam(X)}. We 
take y,y' eY and define fi{x) := d{h{y),x) for all x E X. Clearly /i 
belongs to Lip(X) and, since S is continuous (see Corollary 15. 12p . it is 
not difficult to see that 

\\Sfi{y)-Sfi{y')\\ ^ 11^^ II ^||g||||.|| /r^iiQii 
^^^-^^ < \\Sfi\\L < \\S\\ ll/ill^ < Ko \\S\\ . 
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On the other hand, Sfi{y) = and Sfi{y') = d{h{y) , h{y')) . Then, 
replacing in the above inequahty, 

dih{y),h{y'))<Ko\\S\\ d{y,y'), 

and we are done. 

Moreover, h~^ is also Lipschitz because h~^ = /i^-i (see Remark ISTTj) 

D 

Proof of Theorem \3.1[ It follows immediately from Propositions 15.31 
EUandEH D 



Taking into account Theorem 13. Ij Lemma 15. 8^ and Corollary 15. 12^ 
we can give the general form of biseparating maps in the scalar-valued 
case (see also Theorem 13.51 and Corollary 16. II) . Of course it also applies 
to algebra isomorphisms. 

Corollary 5.14. Let T : Lip(X) -^ Lip(y) be a biseparating map. 
Then T is continuous and there exist a bi-Lipschitz homeomorphism 
h : Y ^ X and a nonvanishing function r G Lip(F) such that 

Tfiy) = r{y)f{h{y)) 

for every f G Lip(X) and y eY . 

Corollary 5.15. Let I : Lip(X) -^ Lip(y) be an algebra isomorphism. 
Then I is continuous and there exists a bi-Lipschitz homeomorphism 
h : Y ^ Xsuch that 

Tf{y) = f{h{y)) 
for every f G Lip(X) and y eY . 

6. Separating maps. Proof of Theorem 13.51 

In this section we give the proof of Theorem 13.51 and the represen- 
tation of bijective separating maps in the scalar setting when Y is 
compact. 

Proof of Theorem \3.R Let f,gE Lip(X) be such that coz(/)ncoz((^) 7^ 
0, that is, there exists Xq E X satisfying /(xq) 7^ and g{xo) 7^ 0. Since 
T is onto, Tk = 1 for some k G Lip(X), and we can take a, /3 G K such 
that (a/ + k){xo) = and {Pg + k){xo) = 0. We denote I := af + k. 

Let (r„), Bn, -B^, and ipn be as in the proof of Lemma 1331 (where 
h{yo) is replaced by xq); indeed, we closely follow that proof. Now, we 
take yn G coz(T{ipn — V^n+i)) for each n G N. By the compactness of Y, 
{yn '■ n G N} has a limit point yo in Y. Then, we can consider a subse- 
quence (|/„.) of (yn) converging to yo whose indexes satisfy |nj — nj\ > 3 
whenever i ^ j. 
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We claim that Tl{yo) = 0. To prove it, we define 

oo 
fc=l 

and I2 := I — h, and we will see that TIi^i/q) = and Tl2{yo) = (in 
the rest of the proof we will set C,k := V^nz^-i ~ ¥^n2k+2 for every k eN). 

First, we will check that /i and I2 are both Lipschitz functions. As 
in Claim [2] in the proof of Lemma [5.5 1 we know that L{l(fn) < 3L(/) 
for all n G N. Consequently L{l^k) < L{lipn2k-i) + -^(^^2^+2) < 6L(/) 
for all k E N. Since coz(^fc) fl coz(,^j) = if /c 7^ j, by Lemma WM we 
conclude that /i G Lip(X), and then I2 also belongs to Lip(X). 

Now, we will see that T/i(y„2fc-i) — fo^ ^^^ /c G N. Fix /cq G N and 
consider i/n^k _i- It is not difficult to see that coz{ipn2k _i ~Vn2k -1+1) C 

so 

COz((/?„2feo-i ~ 'Pn2k^-i+l) n COz(^fc) = 0, 

which allows us to deduce that 

Next, since T is a separating map, 

coz (T{^n2k^_^ - <^n2fe,_i+i)j n^°^ 

and we conclude that T/i(?/„2fc -J = because |/„2^ „-^ G coz(T(y9„2fc -i~ 
V^n2fc -i+i))- -By continuity, it is clear that Tli{yo) = 0. 

On the other hand, if x G coz(v?„2fc - </?n2fc+i) = ^n2fc\^"2fc+i ^ 
i?n2fc-i\-B^2fe+2' then .^fc(2;) = 1- This fact allows us to deduce that 
coz((/?„2^-V9„2^+i)ncoz(/2) = 0, and consequently coz(T(v9„2^-v9„2^+i))n 
coz(T/2) = 0. For this reason T/2(|/„2fe) — fo^ ^^ /c G N, and as above 
we conclude that Tl2{yo) = 0. 

Therefore = Tl{yo) = T{af + k){yo) = aTf{yo) + 1, which implies 
that Tf{yo) ^ 0. The same reasoning can be applied to the function 
(3g + k and we obtain that Tgiyo) ^ 0. Then, we deduce that coz(T/)n 
coz{Tg) 7^ 0, and T~^ is separating. 

The fact that T is continuous follows from Corollary I5.12[ D 

Corollary 6.1. LetT : Lip(X) -^ Lip(y) be a bijective and separating 
map. If Y is compact, then there exist a bi-Lipschitz homeomorphism 
h : Y —* X and a nonvanishing function r G Lip(F) such that 

Tf{y) = r{y)f{h{y)) 



a-i 
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for every f G Lip(X) and y E Y . 

Proof. Immediate by Theorem 13.51 and Corollary 15.141 D 
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